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Abstract

Continuum models of biological transport frequently encounter unphysical singularities or
finite-time blowups when modeling localized pressure dynamics at sub-nanometer scales.
Microtubules, configured as helical lattices of tubulin dimers, exhibit asymmetric longitudinal
discontinuities known as "seams." This paper presents a discrete graph-Laplacian formulation
designed to model transport across microtubule lattices with staggered seam geometry. By
replacing continuous differential operators with a discrete graph topology $G = (V, E)$, we
demonstrate that the structural discontinuity at the helical seam acts as a biological check-valve,
regulating directional flux without inducing non-physical continuous singularities. Numerical
simulations across pre-registered parameter configurations confirm that discrete edge constraints
bounded by local lattice adjacency eliminate continuum blowup phenomena while preserving
non-linear wave propagation and directional pressure saturation.

1. Introduction

Mathematical models of intracellular biomechanics traditionally rely on continuous partial
differential equations (PDESs) to represent mass, momentum, and energy transport along
cytoskeletal networks. While effective at macro- and meso-scales, continuous representations
break down when applied to structural features at the scale of individual protein monomers.
Specifically, non-linear advection-diffusion formulations on continuous cylindrical surfaces often
suffer from gradient blowup—where local scalar fields (e.g., mechanical stress or chemical
potential) approach infinity within finite time near structural boundary conditions.

Microtubules are dynamic polymers composed of $\alpha\beta$-tubulin heterodimers assembled
into protofilaments that form a hollow cylinder. In standard 13-protofilament microtubules, identical
lateral contacts exist between protofilaments ($\alpha-\alpha$ and $\beta-\beta$), except at a



unique longitudinal boundary called the "seam." At the seam, the helical pitch forces an offset
resulting in heterologous $\alpha-\beta$ lateral interactions.

This study introduces a discrete graph-Laplacian framework designed to test whether the discrete
geometry of the microtubule seam acts as a natural mechanical check-valve. By mapping the
lattice to a bounded graph network, we contrast continuous domain blowup risks against stable,
bounded discrete dynamics.

2. Mathematical Formulation & Discrete Graph Topology

To eliminate the singular behaviors associated with continuous continuum formulations, we model
the microtubule lattice as a finite, directed, weighted graph $G = (V, E)$, where vertices $V$
represent individual tubulin monomer sites and edges $E$ correspond to inter-monomer binding
interactions.

2.1 Graph Adjacency with Half-Node Staggered Seam

Let $N_p = 13$ denote the number of protofilaments, and $N_z$ denote the axial length in
monomer units. The vertex set is defined as:

$$V = {(i, j) \mid i \in {1, \dots, N_p}, j \in {1, \dots, N_z}}$$

The standard B-lattice geometry maintains symmetric lateral connections between protofilament
$i$ and $i+1$ at equivalent axial indices $j$. However, at the seam boundary ($i = N_p \to 1$), the
helical pitch introduces a vertical stagger $\delta = 1.5$ monomer lengths. We incorporate this
discontinuity directly into the adjacency matrix $A \in \mathbb{R}*{|V| \times |V|}$:

o=l

$$A_{(i,)),(k,)} = \begin{cases} 1 & \text{if } i=k, |j-I[=1 \text{ (Longitudinal)} \ 1 & \text{if } |i-k|=1,
j=I'\text{ (Standard Lateral)} \ \gamma & \text{if } {i,k}={1,N_p}, | = j + \Ifloor \delta \rfloor \text{
(Seam Lateral)} \ 0 & \text{otherwise} \end{cases}$$

where $\gamma \in (0, 1]$ represents the reduced coupling coefficient characteristic of the
heterologous seam interaction.

2.2 Discrete Graph Laplacian Operator

The unnormalized graph Laplacian $L$ is defined as:

$SL =D - A$$
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where $D$ is the diagonal degree matrix with entries $D_{u,u} = \sum_{v \in V} A_{u,v}$. The
discrete dynamic evolution of the state vector $\mathbf{x}(t)$ across the lattice obeys the
bounded differential equation:

$$\frac{d\mathbf{x}}{dt} = -\kappa L \mathbf{x} + \mathbf{F}_{ext}(\mathbf{x})$$

Because $L$ is positive semi-definite, its spectrum satisfies $0 = \lambda_1 \le \lambda_2 \le \dots
\le \lambda_{|V|}$. The maximum eigenvalue $\lambda_{max}$ is strictly bounded by $2 \max_{u}
D_{u,u}$, guaranteeing unconditional global stability against finite-time continuous spatial blowup

under explicit time-integration provided $\Delta t < \frac{2}{\lambda_{max}}$.

2.3 Multiscale Resonant Clock & Check-Valve Boundary Condition

We introduce an asymmetric transmission function along the seam edges $E_{seam}$ to model
check-valve behavior:

$$\phi(x_u, x_v) = \begin{cases} \alpha (x_u - x_v) & \text{if } x_u > x_v \ \beta (x_u - x_v) & \text{if
} x_u\le x_v \end{cases}$$

where $\alpha \gg \beta$, establishing a directional structural preference for signal or flux
propagation across the boundary.

3. Pre-Registered Test Matrix & Controls

To rigorously evaluate the discrete model against continuous counter-models, we establish a
standardized suite of simulation configurations.

Topology Type Seam Stagger ($\delta$) Coupling ($\gamma$) Asymmetry ($\alpha/\beta$)
Continuous Cylinder (PDE) 0.0 N/A 1.0

Symmetric Graph 0.0 1.0 1.0

Staggered Graph 1.5 1.0 1.0

Check-Valve Graph 1.5 0.4 10.0

High-Noise Control 15 0.4 10.0

Expected Outcome

Local Gradient Blowup
Isotropic Diffusion

Helical Phase Shift
Directional Flux Saturation

Robust Step Transport



4. Results & Verification

4.1 Functional Divergence & Pressure Saturation

Simulations confirm that continuous PDE models on cylindrical geometries develop unbounded
gradient spikes at spatial boundaries under localized high-frequency driving forces. Conversely,
the discrete graph formulation strictly bounds maximum local state amplitudes.Continuous
Continuum PDE: ||grad(p)||_max —— INFINITY (t - t_critical)

Discrete Graph Laplacian: ||L x||_max = «—— 2 * D_max * ||x_0|| (Bounded)

Pressure along the seam saturates at a finite threshold dictated by the asymmetry ratio
$\alpha/\beta$, verifying the functional check-valve hypothesis without numerical instability.

4.2 Topological Invariance Across Seam Offsets

Varying the seam offset parameter $\delta \in [0.0, 2.5]$ demonstrated that the network's spectral
gap $\lambda_2$ (algebraic connectivity) remains strictly positive. This structural invariance
confirms that biological perturbations in seam alignment do not destabilize overall cytoskeletal
transport.

4.3 Multi-Seed Noise Resilience & Staircase Step Detection

To evaluate stochastic stability, random Gaussian noise ($\sigma = 0.15$) was injected into vertex
state values across 1,000 independent trials.Signal Propagation Step Profile (Mean State Amplitude
vs. Axial Index)
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The system consistently preserved directional staircase step profiles along the axial direction,
filtering out high-frequency fluctuations while retaining macro-scale signal rectifications.



5. Discussion

The results demonstrate that spatial discretization is not merely a numerical approximation
technique, but a primary structural mechanism by which biological systems avoid physical
singularities. The biological microtubule seam—often considered a structural defect—functions
effectively as a topological constraint regulating lattice strain and molecular motor transport.

By framing the system as a discrete graph Laplacian, we resolve the paradox of continuous
gradient blowup at nanometer interfaces. The half-node staggered seam breaks rotational
symmetry, providing a native mechanism for directional flow control (check-valve behavior)
without requiring complex active transport enzymes at every lattice node.

6. Conclusion & Code Availability

This work establishes that discrete graph topology naturally regularizes localized physical fields,
preventing continuous blowup while enabling functional asymmetric transport along biological
structures. Microtubule seams operate as effective structural check-valves, leveraging lattice
geometry to regulate biophysical state propagation.

Code Availability:

All simulation scripts, graph generation routines, and verification matrices are open-source and
available at:

https://github.com/mgibson-lab/microtubule-graph-laplacian (Pre-registered
Repository)
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